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Figure 1. We present a new optimization based technique for 3D haptic retargeting of complex shapes. From left to right, a) A user interacts with a
tracked physical prop (a coffee mug) while wearing an HMD, b) the virtual view of the user, showing a tea cup and retargeted hand position, c) the
outline of the hand shows its position in the physical world, and the transparent coffee mug shows the shape and position of the real physical prop super
imposed over the user’s view, d) a 2D example of our method which shows how space is warped to retarget a square to a circle and move the position
and orientation of another rectangle. The blue vectors represent the direction and magnitude of the spatial warping.

ABSTRACT
Passive or actuated physical props can provide haptic feed-
back, leading to a satisfying sense of presence and realism
in virtual reality. However, the mismatch between the phys-
ical and virtual surfaces (boundaries) can diminish user ex-
perience. Haptic retargeting can overcome this limitation by
utilizing visio-haptic effects. Previous investigations in haptic
retargeting have focused on methods for point based position
retargeting and techniques for remapping 2D shapes or simple
3D shape changes. Our approach extends haptic retargeting
to complex, arbitrary shapes that provide a continuous map-
ping across all points on a boundary. This new approach also
allows for multi-finger interaction. We describe a functional
optimization to find the ideal spatial warping function with
different goals: a maximum mapping smoothness, a minimum
mismatch between the real and virtual world, or the combi-
nation of the two. We report on a preliminary user study of
different optimization goals and elaborate potential applica-
tions through a set of demonstrations.
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INTRODUCTION
Recent advances in display technology and computational
power have allowed virtual reality (VR) to once again seize
attention both in academia and in industry. While today’s VR
displays have been developed to provide immersive visual ex-
periences, further research is still required to support realistic
haptic feedback for tangible interaction in virtual reality.

Many researchers have explored active kinesthetic and tactile
haptic devices to render virtual forces and textures that a user
perceives [5, 36]. However, these active techniques require
complex hardware, and it is still challenging to render all of
the different haptic sensations of an object, including shape,
mass, and texture. Another approach is to use passive phys-
ical props to provide haptic feedback in VR. Passive props
have physical properties that support many types of sensations,
allowing users to directly touch them and leverage users’ natu-
ral manipulation proficiency. Passive props, such as physical
objects from a user’s current physical environment, can be a
useful haptic source for virtual objects [24, 7], but their shapes
are fixed and cannot dynamically adapt to the content in virtual
environment. Actuated physical props [18, 40, 45] can change
their shape dynamically, but it is challenging and expensive to
achieve high resolution displays. As a result, physical props
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may not match well with the virtual object being manipulated,
which can diminish user experience.

By utilizing visual dominance over the proprioceptive system,
haptic retargeting can overcome this limitation by displac-
ing user’s hand to a virtual position. Several pseudo-haptics
systems have been built to leverage previous investigations
in haptic retargeting. Some of the research has focused on
retargeting the position of objects for the purpose of reusing
physical prop [7] or ergonomic interaction [39]. However,
since only position is changed, the shape of the virtual object
has to match that of the physical prop. Other researchers have
investigated techniques for mapping between 2D cylinder-like
shapes [9] or simple 3D space above a plane-like surface [28].

In this paper, we propose a new retargeting approach. Our
method is fully 3D, which allows for arbitrary haptic interac-
tion, where users can haptically explore the remapped object
freely. Furthermore, our approach is capable of providing a
continuous spatial warp to remap all points between two sets
of complex boundaries (i.e. sets of shapes). The remapping
of shapes is arbitrary (i.e. remapping of position, orientation,
scale and shape), so we do not require the shape of the virtual
and physical objects to match. Our approach also supports
remapping multiple objects at the same time. Thirdly, our
retargeting approach is based on warping the physical space
point-wise, making it possible to support multi-finger inter-
actions and even multi-user interactions. To achieve this, we
use a functional optimization approach to find the ideal spatial
warping function with the following objective: a maximum
mapping smoothness, a minimum mismatch between the real
and virtual world, or the hybrid of the two. This technique will
also guarantee that the spatial warp mapping and the gradient
of the mapping will be continuous, which leads to continuous
speed and smooth motion through the space.

We present results from a preliminary user study of different
optimization goals for different types of shapes. Our user
study results confirm that our spatial warping techniques can
help minimize user-perceived difference between the physi-
cal proxy and virtual shape. Our study finds that the objec-
tive functions for maximum smoothness warp and the hybrid
model are better than the objective function for minimum
mismatch warping for most cases in the re-targeting of small
objects over small displacements.

In summary, our contributions are:

• The modeling and design of a 3D retargeting approach for
complex continuous boundary (surface) remapping.
• The solving and analysis of this retargeting approach under

different functional optimization goals.
• A preliminary user study evaluation comparing our method

to a condition with no mismatch between the virtual and
physical objects, which also shows the effect of different
objective functions.

RELATED WORK

Haptics for VR Interaction
Several haptic systems have been developed to provide users
with tangible interaction in virtual reality [23], which mostly

rely on rendering kinesthetic forces to support manipulation.
Many of them use either grounded [36] or hand mounted
devices [2, 17]. Those active devices mainly aim to provide
some specific type of haptic sensation such as single point
kinesthesia [36], grasping [5, 17] or tactile feedback [49].

In contrast to active devices that create virtual haptic forces,
passive haptic systems focus on using existing objects to pro-
vide all haptic sensations simultaneously. For some specific
applications like scientific visualization [31] and medical data
browsing [25], researchers have used 3D printed physical
props with which users interact. Sheng et al. use a deformable
physical prop for the creation and manipulation of conceptual
3D models [46]. Hettiarachchi et al. explore using physical
objects from a user’s current physical environment to provide
the best-available props to map to specific virtual objects [24].

Encounter-type haptic devices achieve many of the similar
goals as passive props in that a user does not need to wear or
continuously hold the device, but rather comes into contact
with it when interacting with a virtual object. In order to
make the props or encounter type devices adapt their form
to different virtual objects and render the shape dynamically,
the concept of programmable matter has been proposed [48,
20]. Several actuated shape-changing interfaces have been
created using different mechanisms, such as actuated curves
[40], actuated pins arrays [18, 30], and constructive blocks [45,
44]. Researchers also developed robotic assembly systems to
build low resolution haptic proxy objects for interactions [51].

However, for the existing physical proxy and encounter type
haptic display methods, the shapes of passive props are either
fixed, low in spatial resolution, or constrained in the shapes
they can render. As a result, there could be a mismatch in
shape between the real and the virtual objects, which may
lead to poorer sense of presence [27] and decreased manipu-
lation performance [32] during the interaction. Also, when
the alignment is not close enough, a user’s finger may float
above or penetrate the virtual object, which is detrimental to
the experience and sense of realism [13].

Visual Dominance in Haptic Perception
When there is a conflict between an observer’s sense of vision
and touch, vision is often strongly dominant, even without
the observer’s being aware of a conflict [19]. When viewing
an object through a distorting lens, users preferred to think
that the object was most similar to the distorted visual image,
rather than the actual physical shape that they felt [43]. Based
on the visual dominance on vestibular cues, researchers also
scaled up or down the head rotations and translations, which
has led to the creation of redirected walking technology [41].

When no tactile feedback is provided, the visual dominance
effect is found to be very strong in haptic perception and propi-
oception [15]. Even when the users are aware of the possibility
of a mismatch, a 20 cm just noticeable difference (JND) be-
tween the real and virtual hand location has been reported.
With normal and shear force feedback, researchers reported a
5.2 cm JND threshold for mismatch of fingertip position [35]
and 3.2 cm for angular mismatch of finger flexion [37]. For
mismatch of the direction of the force, Barbagli et al. [11]
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reported the JND threshold to be 18.4° with haptics feedback
alone, 25.6° for haptics plus congruent vision feedback, and
31.9° for haptics plus incongruent vision feedback.

Pseudo-Haptic Feedback
Researchers have leveraged the visual dominance over haptic
perception to create a new technique to provide haptic feed-
back, called pseudo-haptic feedback. In this technique, the
real haptic feedback provided is different from the simulated
haptic sensation. This idea has also been used to modify the
perception of shape, size, stiffness and texture [34]. Lecuyer
et al. [33] showed that when a passive isometric input device
is used together with visual feedback, it could provide the
operator with a pseudo-stiffness of passive objects.

Among all the pseudo-haptic techniques, retargeting or redi-
recting, the process of warping the space and displacing the
visual representation of the user’s hand, are commonly used.
Ban et al. used the pseudo-haptic effect to modify the iden-
tification of the shape of a curved surface; when the user
touched it with an index finger, the virtual position of the hand
was shifted. [8, 9, 10]. Kohli et al. explored methods that
map many differently shaped virtual objects onto one physical
object by warping virtual space [28], but this work mainly fo-
cused on mapping simple planes with different orientations or
with small curvature changes. Their work also demonstrated
that redirecting does not have negative effects on task perfor-
mance for some tasks [29]. Azmandian et al. used haptic
retargeting to repurpose a single physical prop in order to pro-
vide passive haptic sensation for multiple virtual objects [7].
In this approach, the virtual object has to match the physical
object perfectly in shape and only the perceived location of the
object is modified. Based on this, Cheng et al. augmented the
existing Haptic Retargeting technique with an on-the-fly target
remapping, which predicts users’ intentions during interaction
and consequently redirects their hand to a matching part of the
passive proxy [16]. Murillo et al. used optimization based ap-
proaches to compute the best physical location to interact with
each visual element, and then partitioned and distorted the
space based on those mappings which allows for multi-object
retargeting [39]. Using functional optimization techniques,
our approach extends haptic retargeting to remap all points on
a set of boundaries to another set of complex, arbitrary shapes,
allowing for 3D, smooth hand displacement mapping.

Retargeting Methods
To warp the space and displace the visual representation of
the user’s hand, we need to find a map from the position of
user’s real hand/fingertip in real space to the position in virtual
space. Different mapping methods have been used for different
scenarios in the projects described above. In general, there are
mainly four ways to generate the space warping map:

Linear Mapping
To retarget a point to a different position in a virtual environ-
ment, Azmandian [7] and Cheng [16] used a linear method
to set the offset between the real and virtual hand. In this
method, the offset position is gradually added to the position
of the virtual hand as the user’s hand starts moving from the
initial position toward the physical object. In addition to world

warping, they also utilized the method of body warping, which
is used in redirected walking [41]. However for this method,
only the perceived location of the object is modified and the
shape of virtual object has to match that of the physical prop.
Additionally, only one point can be retargeted at one time and
the system needs to know [7] or predict [16] which point the
user is going to touch.

Position Relation Based 2D Mapping
Ban et al. proposed a space warping procedure so that a simple
static cylinder can be mapped to variety of shapes of rotation-
ally symmetric bodies such as a cylinder and a barrel [8, 9,
10]. In their method, the distance between the fingertip and
the boundary sides of the physical object are calculated, and
based on this, the positional relation between the physical
contour and fingertip is measured. Using the positional rela-
tion, the position of the virtual finger is determined. This is a
2D method where only the cross sections of the physical and
virtual shapes are mapped. Additionally, users need to look
down at the object and move their fingertip within the contour
of the physical object. If the users look from different angle
or move finger around the object, the method would fail.

Energy Optimization Mapping
Kohli et al. [28] used the Principal Warp method to find the
spatial warp to map many differently shaped virtual objects
onto one physical object. It guarantees that when a user’s
virtual finger touches the virtual boundary, their real finger also
touches the physical boundary. The Principal Warp method is
a widely used 2D method in image processing in which a 2D
plane in 3D space is mapped to another 2D plane, with a set
of controlling points and the minimum bending energy [14].
Kohli et al. [28] extended the Principal Warp method to a 3D
version, but this method can only deal with simple plane cases
with different orientations or with small curvature. Similarly
in the graphics literature, researchers also use energy functions
to find the best mapping function between two domains and
best satisfy some user specified constraints. Ben-Chen et al.
[12] used a functional optimization goal to find a "As-Rigid-
As-Possible" harmonic deformation of the source region.

Mismatch and Ergonomic Optimization Mapping
Murillo et al. [39] also used the optimization method to find
the spatial warp function. Their objective function is the er-
gonomic evaluation of the retargeted points as well as the mis-
match between the real world and the warped world. Space is
partitioned into several tetrahedrons and all their vertexes are
retargeted based on the optimization goal. The displacement
inside each tetrahedron is a combination of the displacement
of its vertices. This method is fully 3D and can redirect multi-
ple objects at the same time, effectively helping people reach
the object out of range. But it can still only remap the position
of the objects and cannot change their shapes.

To summarize, to our knowledge, our method is the first at-
tempt to generate a continuous, fully 3D retargeting touch that
can work for arbitrary and complex boundaries based on a
functional optimization approach. Our method is also the first
approach to optimize both mismatch and smoothness together.
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Figure 2. The mathematical description of the physical space, warped
virtual space, boundaries and spatial warp function.

FUNCTIONAL OPTIMIZED 3D SPACE WARPPING
The goal of our functional optimized 3D retargeting method
is to leverage the dominance of vision in haptic perception
and find a way to warp the space surrounding the physical
object. Using this spatial warp mapping, we can displace the
user’s hand so that the gap between the physical and virtual
boundaries (surfaces) is eliminated. Then even if the passive
and actuated physical props mismatch with the virtual object
in shape, position, or boundary, they will still provide the
illusion that the two boundaries match with each other.

To meet these goals, we designed our spatial warp approach
to have the following properties:

• The mapping is fully 3D to support interaction in a Virtual
Reality Environment. It also works for arbitrary pairs of
complex surfaces in 3D spaces;
• The mapping is continuous everywhere in the space, so

that the displaced virtual hand will not change its position
suddenly when users move their hand;
• When users touches the boundary of the physical surface us-

ing their fingertip, their virtual fingertips are always mapped
exactly to the boundary of the virtual surface so that the
pseudo-haptic feedback will be provided by touching the
boundary surface of the physical props;
• For our spatial warp map, the maximum displacement in the

whole space is guaranteed to no more than that on the bound-
ary. As long as the displacement of the retargeted object is
controlled under the JND of mismatch, the displacement of
virtual hand will always be less than the threshold.
• The optimal warp mapping is calculated through an opti-

mization approach, with different objective functions: a
maximum mapping smoothness, a minimum mismatch be-
tween the real and virtual world, or the combination.

Mathematical Description of the Spatial Warp Function
To define our spatial warp function, we firstly define the space
surrounding the physical object to be the physical space, de-
noted as Ω, which is shown in Figure 2. Ω is a subset of the
physical 3D world IR3, namely Ω⊂ IR3. The boundary of the
physical space Ω is denoted as ∂Ω, and there are two types of
boundaries.

The first type of boundary is the outer boundary of the physical
space, defined as ∂Ω1. No spatial warping will happen outside
of this boundary, we only need to find the warp mapping
inside this boundary. On this boundary, every point should be
mapped to exactly the same position in virtual environment.
This will guarantee that when users moves their hands/fingers

across the outer boundary of the physical space, the virtual
hands will not change position suddenly.

The second type of boundary is the surface which needs to be
retargeted to a different shape, position, or orientation, defined
as ∂Ω2. This boundary is the outline of the physical props and
is the inner boundary of the physical space. We do not need to
map the space inside the physical prop, since we assume the
physical object is a rigid body, and the users’ hands/fingers
will never go into it.

The union of the two boundaries comprises the boundary of
the physical space, namely ∂Ω = ∂Ω1 ∪ ∂Ω2. Additionally,
∂Ω1∩∂Ω2 = /0, which means the two types of boundaries will
not intersect with each other.

Similarly to the space defined surrounding the physical object,
we define the space surrounding virtual object to be the warped
virtual space, denoted as Ω′. Ω′1 is the outer boundary of the
Ω′. Boundary Ω′2 is the outline of the virtual shape, and the
inner boundary of the Ω′.

In the next step, we define the spatial warp as a 3D map-
ping function ~f (~x) = [ f1(~x), f2(~x), f3(~x)] : Ω→ Ω′, where fi

(i=1,2,3) is the scalar components of ~f in one of three axises of
the space. The function ~f (~x) is defined on the physical space
and map any point in this space to the warped virtual world.

To guarantee the global continuity of the hand position map-
ping in the whole 3D space, we obtain one constraint of this
function:

~f (~x) =~x on ∂Ω1

∂Ω1 = ∂Ω
′
1

(1)

The goal of retargeting is to map the boundary of the physi-
cal prop to the boundary surface of the virtual object. Here
we define our retargeting goal as~g(~x) = [g1(~x),g2(~x),g3(~x)] :
∂Ω2→ ∂Ω′2, which is a 3D mapping from the surface of real
object to that of virtual object. The spatial warp needs to meet
the retargeting goal so that users’ hands will be retargeted to
the virtual surface when they are touching the surface of the
physical props. According to this, we define the boundary
condition as:

~f (~x) =~g(~x) on ∂Ω2 (2)

For many cases, we can obtain the retargeting goal easily
by manually setting it. For example, if we want to map an
object to different position, orientation, size or scale it in one
dimension, we will automatically find the retargeting goal
from the transformation matrix. For other cases, some other
algorithm or techniques are needed to find it. We discussed
this problem in more detail in the Retargeting Goal section.

Mathematical Description of the Optimization Goal
There are infinite number of spatial warps that can match the
boundary condition, but we have to choose one ‘best’ function.
Previous researchers in haptic retargeting have investigated
several optimization goals to find a suitable function. Here we
use two measurements to show how ‘bad’ a spatial warp is,
which are set as the optimization goal to find the best spatial
warp:
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Firstly, like the Erg-O technique developed by Murillo [39],
it is understood that the mismatch between the virtual world
and the real world should be as small as possible. We define a
functional Lα

1 (
~f (~x)) to measure the mismatch induced by the

spatial warp:

Lα
1 (~f (~x)) =

∫
Ω

‖~f (~x)−~x‖α
2 d~x (3)

Here ‖∗‖2 is the l2 norm of the vector and α is a integer that
represents how much we care about the large mismatch. If α

is large, it means we will penalize large error in position more.

Secondly, we don’t want users to feel large changes or jumps
in speed when they move their virtual hands. As in the bending
energy based retargeting method [28], we hypothesize that the
spatial warp would feel more natural if it is smooth. So we
define a functional Lβ

2 (
~f (~x)) to measure the unsmoothness of

the displacement mapping, which is the mapping minus the
hand position:

Lβ

2 (
~f (~x)) = ∑

i

∫
Ω

‖∇
(
~fi(~x)− xi

)
‖β

2 d~x , i = 1,2,3 (4)

Here β is a integer shows how much we care about the large
speed change users feel during their hand movements. If β is
large, it means we will penalize large change in velocity more.

So the total optimization goal can be defined as a linear com-
bination of Lα

1 and Lβ

2 :

Lα,β ,λ (~f (~x)) = λLα
1 (~f (~x))+Lβ

2 (
~f (~x)) (5)

Where λ is the parameter indicating the relative importance
of the spatial-matching to the mapping-smoothness of the spa-
tial warp. If λ equals 0, it means we only care about the
smoothness for our optimization goal. On the contrary, when
λ → +∞, it means we only care about the match between
the physical space and virtual space for the optimization. We
define λ to be the relative optimization ratio. Since the funda-
mental units of Lα

1 and Lβ

2 are not the same, we can not add
them up directly and need to divide all the physical quantities
by the typical quantities to make them dimensionless. Here
we assume all of the physical quantities have been nondimen-
sionalized.

To summarize, in order to find the spatial warp, the optimiza-
tion problem we need to solve is:

Minimize Lα,β ,λ (~f (~x))

subject to: ~f (~x) =~x on ∂Ω1

~f (~x) =~g(~x) on ∂Ω2

(6)

Solving of the Optimization Problem
Since α and β are parameters we can adjust, we firstly discuss
how we choose the proper α and β .

1. α = 1, β = 1

With α = 1,β = 1, it is shown that the solution for this prob-
lem is not always continuous and for some cases, is always

zero inside the warped physical world and jumps to the re-
targeting goal on the boundary (see Appendix). This demon-
strates that these are not good parameters for the measurement.

2. α = 2, β = 2

Since
∫

Ω
‖~f (~x)−~x‖2

2d~x = ∑i
∫

Ω
( fi(~x)− xi)

2d~x, the optimiza-
tion problem is equivalent to three separated optimization
problems: For i = 1,2,3

Minimize λ

∫
Ω

( fi(~x)− xi)
2 d~x+

∫
Ω

(
∇(~fi(~x)− xi)

)2
d~x

subject to: fi(~x) = xi on ∂Ω1

fi(~x) = gi(~x) on ∂Ω2
(7)

We apply the Calculus of Variations method to these functional
optimization problems to transform them into three Partial
Differential Equations (PDEs) [47]. The optimization problem
above is equivalent to the following PDEs for i = 1,2,3

∆ fi(~x) = λ ( fi(~x)− xi) in Ω

subject to: fi(~x) =~x on ∂Ω1

fi(~x) = gi(~x) on ∂Ω2

(8)

Since each of the PDEs is a linear, second order PDE with the
the Dirichlet boundary condition, the optimization problem
can be solved in several ways using numerical methods [38].
Choosing a higher α and β will achieve a similar effect (avoid-
ing the large mismatch but tolerating the small), however will
become very complex to solve. So the following discussion
we will keep using the setting of α = 2, β = 2.

Result Discussion
From the properties of the linear second order PDE [47], we
can obtain the mathematical properties of our spatial warp
solution:

• On the surface of the physical space, the boundary condition
is satisfied so retargeting goal can be exactly reached.
• The spatial warp solution is continuous everywhere in the

physical space. Also the constrained design of the outer
boundary ensures the hand position mapping to be continu-
ous globally.
• Using Hopf Maximum Principle [26], we proved that the

max mismatch in physical space will not be greater that on
the boundary. This means as long as the maximum mis-
match of the boundary of the retargeting goal is controlled
to under the JND, the max mismatch of our spatial warp
will also be controlled under that threshold.

1-D theoretical solution
We can easily solve the problem in the 1D case. Consider
the domain Ω = [0,1] and boundary condition f (0) = 0 and
f (1) = k, we find the solution to be:

f (x) =
k−1

e
√

λ − e−
√

λ
(e
√

λx− e−
√

λx)+ x (9)

when λ → 0, the f (x) becomes f (x) = kx, which is just the
linear method.
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Figure 3. 1D results of our method for retargeting to a different line
length (∂Ω2 to ∂Ω′2). When λ = 0, the mapping is linear and the offset
between the physical hand and the virtual hand increases linearly with
displacement. As λ increases the mapping becomes more exponential.

We plot our 1D results in Figure 3, with different relative
optimization ratios λ to see its effect. When λ is zero, we only
care about the smoothness of our spatial warp, and the result
is a affine function; the change of our mapping (gradient) is
uniformly distributed in the physical space. If a users move
their hands at a constant speed, their hands will also move
uniformly, meaning the mapping is pretty smooth.

Then we change the λ to be 1, meaning we care equally about
the smoothness and mismatching. The results shows when the
hand is far away from the retargeted object, the mismatch is
small. Then the mapping increases exponentially to the virtual
shape to meet the boundary condition. If we increase the λ

further, we can see the jump happens more suddenly.

2D numerical solution
2D Helmholtz equations do not have theoretical solutions for
arbitrary boundaries, but we can solve them quickly numer-
ically. Here, we used the MATLAB PDE solver to get the
numerical solution [3] which takes 2.334 secs on a 2015 Mac-
book Pro. The mesh contains 1975 points and solution is
obtained through the finite element approach.

Figure 4 is a solution example where we map the sphere on
the left side to be a square. We also map the orientation of
the right rectangle. This result is obtained using λ = 0. Fig-
ure 4(a) shows the length of gradient of out method, i.e. speed
change of the hand displacement. We can see that the large
speed changes mainly happen surrounding the boundary of the
remapped shapes, especially at the corners. But in most part of
the physical space, the mapping is smooth. Figure 4(b,c) show
the displacement of hand in x and y axis. It can be shown that
the maximum mismatch only happens at the boundary, as we
proved mathematically.

This 2D case shows that our method can smoothly warp the
physical space for different retargeting goals at the same time.
It also shows our method supports multi-object retargeting
with different types of retargeting goals (position, orientation
and shape).

3-D numerical solution
We can also solve the 3D Helmholtz equation numerically to
obtain the 3D spatial warp. Here we used COMSOL PDE

Figure 4. 2D results of remapping a square to a circle and changing the
orientation of a rectangle. (a) Euclidean norm of the gradient. (b) x
displacement. (c) y displacement.

solver [1]. In Figure 5, we show three types of retargeting
goals for the 3D shape: 1) we stretched a sphere along one axis
and scaled it up in this dimension by 1.5 times in Figure 5(a),
2) we change the size of a cube to be 1/4 of its original volume
in Figure 5(b), 3) we rounded the corner of a square from a
fillet radius of 10mm to 30mm in Figure 5(c). We used λ = 0
for the results in Figure 5. From the result, we can see that:

Figure 5. 3D results for spatial warping of different remapped objects.
Figures show 2D cross sections of the x displacement. (a) A sphere scaled
along one axis by 1.5x; (b) A cube mapped to be 1/4 of its original size;
(c) We rounded the conner of a square from 10mm to 30mm.

• As we proved mathematically before, the maximum of mis-
match will only happen at the boundary.
• For the stretch and size cases, the displacement distributed

uniformly surround the boundary, but for the corner case,
the displacement happens mainly surround the corner.

DEFINING RETARGETING GOALS
In the section above, we assume the retargeting goal, namely
the boundary condition of our optimization problem, is already
known. In many cases, we can define the retargeting goal
easily by directly setting it. For example, if we want to map
an object to a different position, orientation, size, or scale it in
one dimension, we will automatically know where the point on
the boundary should be mapped to through a transformation
matrix.
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For the cases of mapping two shapes, there is no perfect way
to define the retargeting goal given two arbitrary shapes and
the method we need may vary in different situations. In this
section, we discuss how we can represent and solve the retar-
geting goal for shape changing cases. Here we assume that
the two shapes are in the same position and orientation.

Shape Change as Texture Displacement Mapping
Here we introduce the Shape Changing Texture Map, which
is a representation of the retargeting goal for shape changing
cases. Since the retargeting goal is a 3D function defined on
the surface of the physical object, we can show the displace-
ment map (~g(~x)−~x) as a texture of the physical surface. In
Figure 6, we remap a cube to be a sphere and the color’s RGB
channels represent the displacement values along the x, y, and
z axes, respectively. This method provides a simple way to
represent the retargeting goal using displacement mapping
techniques often used in Computer Graphics.

An ideal mapping should map every point on the physical prop
to a unique point on the virtual object. Also, since we do not
want users to feel any jump when they move their fingers along
the surface, the function and its inverse should be smooth.

Figure 6. An example of a Shape Changing Texture Map, where the
surface of a cube is mapped to the surface of sphere. Color represents
the displacement values.

Methods to find the Shape Changing Texture Map
For surfaces which can be described by a 2D function, we
can project the surface to onto a plane and bi-map two points
if they share the same projected position, which is shown in
Figure 7(a). This method can be extended to the condition in
which a boundary is composed of several surfaces like this
and map each of those separately. For the boundary of convex
object in Figure 7(b), we can use the spherical coordinate
system to describe the surface and bi-map two points if they
have the same azimuthal angle and polar angle.

Figure 7. Finding the Shape Changing Texture Map using either a plane
projection in (a) or a spherical coordinate system (b).

For arbitrary complex shapes, if we want to find a smooth
invertible one-to-one function with a smooth inverse as well,
we can apply a technique called Area Preserving Mapping
[21]. This method can generate a diffeomorphism between
two arbitrary surfaces as long as their topologies are the same,
with an optimal total transportation. Also under this map, area

will be preserved; as long as two pieces of surface have the
same area before mapping, the areas will still be equal after
mapping. In Figure 8, we show how we map a bunny to its low
resolution prop using the Area Preserving Mapping. Though
this method can work for arbitrary shapes, its limitation is that
it ignores all the local curvature information; a corner may
be mapped to be flat, which can be a detriment to the user’s
haptic perception. In summary, finding a general method for
defining mapping goals for arbitrary shapes which also match
the local curvature remains a difficult challenge that we will
discuss in the Future Work section.

Figure 8. Finding the Shape Changing Texture Map using an Area Pre-
serving Map: This example shows how we gradually map a bunny to its
more simple physical proxy.

IMPLEMENTATION
In order to apply these methods, the following procedures are
performed to generate a spatial warping retargeting:

Firstly, based on the application scenario, we defined which
boundaries need to be remapped and which is the the outer
boundary of the warped physical space. Then the 3D model of
the physical object together with the outer physical boundary
is built and imported to a PDE solver. For this research, we
used COMSOL [1].

Secondly, we set the boundary condition for each of the virtual
boundaries, i.e. the retargeting goal. If the boundary we want
to remap is to a different position, orientation, size, or scale in
one dimension, we can directly input the boundary condition.
If the boundary we want to remap is to a different complex
shape, we use the methods we mentioned in Shape Changing
Texture Section to calculate the displacement on the boundary.
Then we solve the PDE and output the solution as a 3D look
up table from position to displacement, at a chosen arbitrary
resolution.

Finally, the virtual environment and virtual object are pro-
grammed using the Unity game engine. The solution of PDE
(look up table) is also imported to Unity. A OptiTrack [4] sys-
tem is used to track the position of the hand and the physical
prop. For each frame, we obtain the relative position of the
hand in the warped physical space, look up the table to find the
corresponding displacement, then place the virtual hand. The
Oculus Rift was used as the Head-Mounted Display (HMD).

USER STUDY
We designed a user study to investigate if our method can pro-
vide users with a satisfying sense of realism by using physical
props, even though their boundaries differ from the virtual
object. Users were asked to touch and feel a physical object
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using a single finger while wearing a HMD and viewing a
virtual hand and a virtual object in VR. After this interaction,
we asked three questions to evaluate the user’s feelings about
realism. To compare the effectiveness of relative optimiza-
tion ratios, we also used different ratios to investigate which
optimization goal most effectively creates a haptic illusion.

Participants
The experiment was conducted with 10 participants (2 female
and 8 male, between the ages of 21 and 27). The experi-
ment took approximately 65 minutes per participant, and each
participant was tested individually.

Selecting Shapes and Parameters
We explored three categories of shape change: stretch, size and
corner, shown in Figure 9(a). Stretch refers to changing the
scale of an object along one axis. Size refers to changing the
scale of an object along all axes with same ratio. Corner refers
to changing the fillet radius of a edge of an object. For each
category, we select three different versions of a shape with
different amounts of stretch, size or radius respectively. For the
stretch category, the shapes are ovals with a diameter of 70mm
in two axes and 7cm, 8.5cm and 10cm respectively in the third
axis. For the size category, the shapes are cubes with volume
of 125cm3, 250cm3 and 500cm3. For the corner category, the
shapes are cuboids with one edge filleted. The fillet radius
are 1cm, 2cm and 3cm, respectively. The magnitudes of the
shape changes were chosen to be under the JND for fingertip
mismatch with force feedback [35].

Three different relative optimization ratios λ were used, which
were set to be 0 (λ0), 1 (λ1) and 10 (λ10). When λ = 0, it
means we only care about the smoothness of our mapping.
When λ = 1 it means we care about the smoothness and mis-
match equally for our mapping. λ can not be set to infinity
since we need to guarantee continuity of the mapping, so we
chose the third value (λ = 10) which we empirically deter-
mined to be large enough for the resolution of the PDE solver
we used (COMSOL).

For each of the trials, a virtual object was rendered in the
virtual environment and a physical prop was provided for
haptic feedback. The shape of the virtual object and physical
prop were selected from the same category such that there
were 9 total physical-virtual shape pairs for each category. No
mapping was added between identical physical and virtual
shapes. Otherwise, we added our spatial warp to the hand,
using one of the three λ s in each trail. Therefore there are a
total of 3 categories × ( A2

3 different-shape pairs × 3λ + A1
3

same-shape pairs) = 63 trials for each participant. In total, we
conducted 594 trials.

Environment Implementation
The Oculus Rift was used as the Head-Mounted Display
(HMD). A platform with retro-reflective markers was built
to track the position of the physical props. The top plate of
the platform shown in Figure 9(c) was removable so we could
switch the physical prop easily. The relative displacement and
rotation between platform and object were known from cali-
bration. Shown in Figure 9(b), retro-reflective markers were

Figure 9. Study setup: a) the three different physical prop conditions
and the three different versions of each, for corner cases, a switchable
base is designed to change the edge fast, b) a user’s finger with a retro-
reflective marker for finger tracking, c) the platform to hold and track
the different physical props.

also attached to the user’s fingertip to get its 3D position and
orientation using OptiTrack IR tracking system [4]. This 3D
position and orientation was mapped to the index fingertip of
a rigid 3D hand model in the virtual environment. The virtual
environment was programmed in Unity.

Procedure
At the beginning of the study, participants were told about the
tasks and questionnaires they need to answer. All users were
informed that their hand position, hand movement and objects’
shapes might be different from what they see in VR. The
physical objects used in the study were not shown to the users
before or during the task. During each trial, the participant
was presented with one of the physical-virtual object pairs.
The participant was then asked to move her/his finger to touch
the object’s surface. To include more complex interaction over
a larger area, the participant was required to tap the object
at least 3 times for each trial. Beyond this, there were no
constraints on the haptic exploration by participants. After 15
seconds, the participant was asked to answer three questions:

1. How well did your virtual finger match the position of your
real finger?
2. How well did your virtual finger match the movement of
your real finger?
3. How well did the virtual shape match the physical shape?

The participant then responded with a score from 1 to 5 for
each of the questions; 5 signified matching perfectly while 1
signified they did not match at all.

We hypothesized that:

• Since the spatial warp guarantees that the maximum mis-
match is less than the mismatch on the boundaries, which
were chosen to be under the JND, participants will not no-
tice the positional displacement of their virtual finger (H1).
• Since the spatial warp guarantees continuity, therefore no

sudden jumps in movement will occur, we hypothesize
participants will not notice any movement mismatch (H2).
• The spatial warp will cause participants to not notice the

shape discrepancy between the virtual and the physical
object (H3).
• The Changing of λ will affect participants’ perception about

the mismatches (H4).
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Results
We use the post-hoc analysis to filter out the outliers beyond
the mean±2 standard deviations. The statical results of users’
perception about virtual hand position, movement and virtual
shape under different situations are shown in Figure 10. We
use Wilcoxon signed-rank test [50] to analyze the difference of
rating using different λ . The t-test is used for the comparation
between the cases of same shapes cases and different shapes
cases. All the significant differences are labeled with p-values.

Figure 10. Results from participant responses about mismatch. Four
conditions are compared here: Same physical and virtual shapes, dif-
ferent physical and virtual shapes with λ = 0,1,10. All the significant
results are marked with a p value. Error bars represent standard error.

Position Mismatch Perception
The results shown in Figure 10 revealed no significant differ-
ence between the same shape cases and different shape cases
with λ = 0 spatial warping (p>.05). However, when λ = 1
was used, users’ perceived mismatch between virtual and real
finger position increased (p=.0069). When λ increases further
and more weight is given to the mismatch term, the rating for
finger position rises again: λ = 10 mapping was better than
λ = 1 (p=.0473) for perceived finger mismatch.

In Figure 11, we also show that under the λ = 0 setting, for
different categories of retargeting, users have a similar rating
between same shape cases (where the virtual object matches
the physical prop) and different shape cases (where the virtual
object does not match the physical prop).

Movement Mismatch Perception
Similar high rating was reported for movement mismatch
perception. Figure 11 also shows that for different categories
of retargeting, users all perceived that the virtual movement
was identical to the actual finger’s movement.

Shape Mismatch Perception
For the perception of shape mismatch, results show even with
the retargeting method of λ = 0, when the virtual shape differs
from the physical shape, users rated the virtual to physical
shape matching significantly lower (p=.0154). But overall, the
rating was not too low, with an average 4.13. No significant
difference is reported between λ = 0 and λ = 1, but λ = 10
method is significantly worse than the others (p<.0001).

For different categories, it is shown that our method worked
well with stretch and size, but was relatively ineffective for
the corner cases. Participants perceived the large change of
surface curvature and reported a low rating, "I can feel by my

finger that there was an edge, even though I couldn’t see them
in the VR."(P2)

Figure 11. The average ratings for position, movement and shape per-
ception matching, with different shape categories (from top to bottom
rows: stretch, size, corner radius). The cases on the diagonal of each
matrix show the results for same physical and virtual shapes while the
others show the results with λ = 0 spatial warping when physical and
virtual shapes are different.

Discussion
Overall, results show that by making the spatial warp mapping
continuous and controlling the maximum position difference,
the user reported scores for hand’s position and movement are
generally high. In terms of shape perception, our method also
worked well for the cube and sphere cases, resulting in high
reported scores. The corner condition has a rounded corner
with radius range between 1 to 3 cm, so there was no sharp
edge. Though, as shown in Figure 11, when there is a large
mismatch of this corner radius, the average perceived shape
match is lowest. This likely means that when high frequency
shape information does not match between the prop and the
virtual object, there will be a conflict in the user’s perception.

The change of λ also affected users’ feeling about the virtual
and physical mismatch. No significant difference was reported
between the λ = 0 and λ = 1 methods. But when λ was
increased dramatically, meaning we care more about minimiz-
ing the total displacement of the virtual hand, users felt their
virtual hand position better match their own. However when
λ is too big, the perception rating for shape-matching got
worse. Therefore, ideally we recommend using a λ between
0 and 1. Finally, the change of λ did not significantly affect
the perception of movement mismatch. We think this may
be because in this study, sizes of warped physical space were
small (less than 25cm) and no large movement was seen in the
space. The effect of λ on movement perception in large scale
retargeting remains an interesting topic that is discussed in the
Future Work section.

LIMITATIONS AND FUTURE WORK
For our spatial warping method, the retargeting goal (i.e. the
boundary conditions) is an input. In this paper we provide
several methods to find the diffeomorphism between two ar-
bitrary shapes, in cases where we cannot obtain it directly
or easily. But for most of those methods [21, 22], the local
curvature information is lost, which has been shown to be
important for user’s perception of shape [11, 42]. A general
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strategy to find the retargeting goal between two shapes, with
the maximum surface curvature match, would be an important
topic to investigate in future work.

In our user study we chose some specific objects and shape
transformations (stretch, scale, corner radius) to investigate
the effectiveness of our method. However, even though we
can control the maximum displacement mismatch under the
JND threshold and remap arbitrary shapes, we can not always
provide all the curvature cues using physical props. Future
work should investigate the JND threshold of the shape change
and local surface curvature change with spatial warping, un-
der different situations such as different haptic exploration
methods and different interaction times.

The results from our user study did not reveal a significant
effect of λ on movement mismatch perception. We believe this
is because the scale of movement in our study was relatively
small. Exploration of the effect of λ on large scale movement
is also an interesting area of future work.

Besides the limitations described above, we also find the fol-
lowing topics interesting to explore in future work:

Combination with Encounter-type Haptics Systems In this
paper, we assume the shape/boundary of the physical props
is fixed. For some other encounter-type haptics systems, like
2.5D shape displays [18], robotically assembled displays [51]
and constructive blocks system [45], the surface of the physical
prop is actuated. Other systems for encounter-type haptics
can change the physical position of a prop using robotics. It
would be interesting to combined the spatial warping method
with the design and control of shape-changing interfaces, to
make them more expressive and low cost. In addition, an
optimization based approach to space warping with actuated
props which takes into account the time and energy needed
to physically move an object or physically change shape as
another objective function could be explored.

Multi-finger Retargeting Beyond mapping only a single fin-
gertip, we could extend this to support whole-hand or multi-
finger retargeting. A naive approach would be to map every
point of the hand based on the spatial warp mapping we ob-
tained. However, since our spatial warp is not a rigid trans-
formation, this approach will cause the hand distortion and
potentially break the illusion. An alternative approach is to
retarget the hand pose: we can model our hand as a linked
skeleton with five end-effectors, i.e. fingertips. Since we
assume the interaction mainly happens on the fingertips, we
could only displace the position of fingertips. Then in order to
get the overall hand pose inverse kinematics algorithm such
as FABRIK [6] could be used to calculate the angles of joints,
which would be used to render the virtual hand. Additional
constraints including max finger joint rotation mismatch and
positional mismatch, could be included to improve this tech-
nique, making the overall optimization problem an interesting
future work topic.

Physical Space Overlapping When the Physical Spaces of
two objects overlap with each other, the spatial warp function
will not be unique, so we need a way to combine two warps
together. One naive method would be combine the two bound-

aries of two objects as the new boundary condition and solve
the new optimization problem and obtain the new spatial warp
which can satisfy two objects’ retargeting goals. However,
this method may be computationally-expensive; whenever the
related position of two objects changes, we need to recompute
the whole PDE. A fast algorithm to combine two spatial warps
that also satisfies the overall boundary condition and maxi-
mizes the smoothness is a possible interesting future topic.

Effect of Physical Space Size We haven’t yet explored the
effect of the size of the exterior boundary volume; currently
in the paper, the volume is heuristically set to be 10 times of
the bounding box of the interior object. But empirically when
volume is large, the mapping becomes smoother. However,
larger volumes require more time to compute and more disk
drive space to store, so there are some trade-offs. A more
rigorous study on the effect of exterior bondary volume size
on user’s perception and how to properly set the bondary
volume size remains a topic to explore.

Minimizing Warp Close to the User’s Body When the hand
is close to the user’s body, proprioception may reveal the
existence of large warp and diminish the sense of realism.
However when the object surfaces are away from the body,
user is much less sensitive to the existence of the warp. An
interesting future work would be combining this effect with the
optimization term. For example we can add spatial weight to
the integration of the loss and lower the requirement of L1 for
the space which is not close to the user. This strategy may have
effect on both the perception and computional complexity.

CONCLUSION
In this paper we introduced a new technique for continuous
haptic retargeting of complex arbitrary 3D shapes based on
a functional optimization. This optimization can have three
goals, maximizing the smoothness (gradient of the mapping),
minimizing position mismatch, or the combination of the two.
We also described techniques for defining the boundary condi-
tions for this optimization. From our preliminary user study
we have shown that this technique can be useful when the
mismatch between the two boundary conditions (surfaces) are
under the Just Noticeable Threshold. We believe these tech-
niques can be readily applied to haptic retargeting of physical
props in virtual reality, and we hope that this will enable fur-
ther study and development of haptic retargeting techniques.

APPENDIX A: DISCONTINUITY FOR α = 1, β = 1
We show the discontinuity by using a 1D example: For re-
targeting 1-d problem, let f (x) = g(x)− x. Since f ′(x) > 0,
we get L1

2 =
∫ 1

0 ‖ f ′(x)‖=
∫ 1

0 f ′(x) = f (1)− f (0), which is a
constant. However, since the function x+(k−1)×δ (1) has
the minimum loss for L1

1, we get this discontinuous function
to be the optimized solution.
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