
A Multi-Stable Curved Line Shape Display

Wing-Sum Law1, Sofia Di Toro Wyetzner2, Raymond Zhen3, and Sean Follmer3

Translate

Bias Extrude

Translate

Extrude

Bias

(a) (b) (c)

(a) Our curved line display and its degrees of freedom. (b) Four examples of curves it can create. (c) A simulation of a multi-segment
display creating the shape of the top of a Talbot-Lago (photo by Jack Snell, CC BY 2.0. Background removed and image overlaid).

Abstract— Shape-changing displays enable real-time visual-
ization and haptic exploration of 3D surfaces. However, many
shape-changing displays are composed of individually actuated
rigid bodies, which makes them both mechanically complex and
unable to form smooth surfaces. In this work, we build a multi-
stable curved line display inspired by physical splines. By using
circular splines to initialize a discrete elastic rods simulator,
we can model multiple stable shapes that fit specific boundary
conditions. We then generate actuation instructions based on
the circular spline initialization to drive the physical display.
We demonstrate our display’s ability to create 16 shapes with
8 different boundary conditions. Our display is consistent in
shape output, with an average standard deviation in height of
0.75 mm or 0.47% of the display’s maximum vertical range.
We also show that our model is consistent with our display,
with a mean RMSE of 6.68 mm or 3.85% of the display’s
maximum vertical range for shapes we could stably simulate.
We then demonstrate potential scalability by simulating a multi-
segment version of the system and show the display’s ability to
withstand loads during contour following in haptic exploration.

I. INTRODUCTION

While much of modern design is done with computational
tools, physical models remain an important part of the
prototyping process. Physical prototyping is essential, from
automotive design [1] to architecture [2], allowing multiple
users to simultaneously view and interact with a tangible
design. Previous work has shown that physical models give a
richer impression of a prototype’s aesthetic and function than
would be available through a digital image alone, mitigating
design fixation [3]. However such models are often static and
must be entirely re-fabricated to reflect iteration.

One way to empower designers and engineers with phys-
ical feedback is through the development of shape-changing
displays, which are a class of robotic systems that dynam-
ically generate multiple physical forms. Pin displays are
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a well-studied type of shape-changing display. They are
composed of an array of linear actuators that move up and
down in concert to discretely approximate 1.5D [4] and
2.5D surfaces [5]–[7]. This type of device has been used
as a computational design tool [8]. Another type of shape-
changing display are displays that approximate shapes using
an articulated series [9] or grid of rigid bodies connected by
actuated hinges [10]–[12], otherwise known as a formable
crust display. Both aforementioned types of shape-changing
displays have similar limitations. First, they are mechanically
complex and, therefore, difficult to scale. Second, they can
only discretely approximate smooth surfaces due to being
composed of discrete, rigid bodies.

In this work, we propose a curved line display inspired by
physical splines [13] as a step toward minimally-actuated,
continuous surface displays. We designed and built the
system pictured in Fig. a that manipulates a flexible rod
by controlling rod length, boundary positions, and boundary
angles. Flexible rods are multi-stable when deformed by their
end points [14], complicating simulation and control, but also
enabling a larger shape space. To determine the actuation
strategy for our under-actuated, multi-stable system, we
employed a discrete elastic rods model [15], [16]. To model
multi-stability, we developed a novel optimization scheme
over circular splines to initialize the simulator. We then
used the actuation strategy determined from our model to
demonstrate the physical display’s ability to reliably generate
a variety of shapes (Fig. b). These shapes were validated
against the simulation. We then simulated a multi-segment
version of the curved line display (Fig. c) as a preliminary
demonstration of scalability. Finally, we tested the system
loading response to determine fitness for haptic exploration.

II. RELATED WORK

Attempts have been made at augmenting pin displays and
formable crust displays to better display continuous surfaces.
Some have augmented the pin display with a spatial low pass
filter, in which a material is stretched over the pin display
surface [5], [17]. While this approach partially smooths out
the pins, the material does not perfectly interpolate a smooth
surface, leaving the final shape with bumpy artifacts [18].



Fig. 1. (a) Direct control of points along continuous display. (b) End point
control of continuous display. (c) Proposed single-segment, bi-stable curved
line display.

Layer jamming is a way to augment the formable crust
display to display smoother surfaces, replacing previously
rigid grids with �exible materials [19], [20]. This approach
is also smoother than the pin display, but requires selectively
locking segments along the surface itself, constraining dis-
play resolution to the grid size. Some works combine aspects
of these approaches by using rigid actuators to bend, stretch,
and twist �exible material by directly actuating points (Fig.
1a) [21]–[23] on a �exible material, or actuating a shape
memory alloy embedded in a �exible material [24].

Compliant rods present a promising alternative to purely
rigid or soft materials by allowing two �xed actuators at
either end to control a large state space (Fig. 1b). Prior works
in computer graphics have used this paradigm as an input
method [25], a fabrication tool [26], and a haptic display
[27]. These inherently smooth (continuous) devices come
with their own challenges. While they do produce smooth
lines or surfaces, all of these devices use a �xed length or
area of deformable material for their displays (Fig. 1a & b).
This means that while these devices can produce continuous
surfaces, they are limited in curvature by the area or elasticity
of the �exible material employed. Our insight is that it
may be possible to overcome this limitation by injecting or
removing material from a display (Fig. 1c).

In addition to the shape space limitations, the accuracy of
shape generation in smooth, shape-changing displays is more
challenging than in their discretely actuated counterparts. In
the cases where devices directly actuate points on a �exible
material [21]–[23], the devices have positional control over
the end effectors of their actuators, but do not measure or
control the shapes of the intervening �exible material. A
validated computational model for the bending of material

between actuators would not provide real-time positional
information, but it would provide additional geometric in-
formation without requiring additional sensors or cameras.
To this end, we propose a forward solution to model the
rod's nonlinear deformation in between adjacent actuators
and show agreement with our constructed device.

One of the challenges in modeling �exible rods is their
multi-stability under certain boundary conditions [14], [28].
Our system utilizes sets of boundary conditions that produce
up to two stable states. To �nd these, we optimize over spline
control points, then discretize and relax these splines into
physically stable curves. The system multi-stability means
that to control the output shape, we must understand how
to reach a speci�c stable state. This both motivates our
investigation of different deployment strategies and expands
the accessible shape space of our device.

III. D ESIGN OF AMULTI -STABLE CURVED L INE

DISPLAY

A. Mechanical Design

A single segment of this display is comprised of a �exible
rod actuated between two individually operated nodes (Fig.
2a). As shown in Fig. 2a, the controllable dimensions of the
system are the length of the �exible rod between the nodes
(L ), the height between the nodes (y), and the angle of the
tangent vectors (t 1 and t 2 ) at each end of the curved line
(� 1 and � 2, respectively). The discrete elastic rods model
uses a perfectly elastic rod with a constant cross-section.
However, for ease of actuation, we chose a �exible rack
(KHK DR1-2000, Duracon) as the �exible rod for this curved
line display, which is not perfectly elastic.

Each node has three actuated mechanisms. The extrude
mechanism is a locally prismatic joint through which the
�exible rod moves. It controls how much of the rod is
on either side of the node (Fig. 2b, orange). The value
of L between the two nodes is controlled by the extrude
mechanisms on either side of the segment working in concert.
The biasing mechanism is a revolute joint that controls the
angle (� i ) at which the rod passes through the node (Fig.
2b, magenta), corresponding to the node's tangent vector,t i .
Rigid bearing surfaces above and below the rod constrain a
20 mm section of the rod to the desired angle at the center of

Fig. 2. (a) Curved line display between two nodes showing the controllable dimensions of the system: the length of �exible rod between the nodes (L ),
the height between the nodes (y), and the angle of the tangent vectors (t 1 andt 2 ) at each end of the curved line (� 1 and� 2 , respectively). The two nodes
are a �xed 500 mm apart horizontally. CAD model of node module of the curved line display showing (b) extrude mechanism labeled with orange, bias
mechanism labeled with magenta, and (c) translate mechanism labeled with yellow.


